Abstract This is a short review summarizing the current status of the comparison between microscopic and macroscopic entropy of extremal BPS black holes in string theory.
Introduction
About forty years ago Bekenstein and Hawking gave a universal formula for the black hole entropy. This takes the form S BH = A H 4G (1.1) in = c = 1 units. Here A H is the area of the event horizon and G is the Newton's gravitational constant. This suggests that when the curvature at the horizon is small compared to the Planck scale, the number d micro of black hole microstates should be given by
Our goal in this talk will be to discuss how this formula is verified in string theory by direct counting, including possible corrections to both sides of the formula. A more detailed review of these results can be found in [1] . Other reviews covering somewhat different aspects of the subject include [2] [3] [4] . Counting black hole microstates directly is difficult. The strategy one follows in string theory is to work with supersymmetric (BPS) black holes whose degeneracy is independent of the coupling constant. We can then count microstates in the weak coupling limit when gravity can be ignored, and compare the result with exp[S BH ], computed when gravity is strong enough so that the system can be described as a black hole. Beginning with the work of Strominger and Vafa [5] this has now been achieved for a wide class of extremal supersymmetric black holes in string theory. The result takes the form
where S BH (q) is the entropy of a supersymmetric black hole carrying charges q and d micro (q) is the number of supersymmetric quantum states carrying the same charge, computed in the weak coupling limit. Since typically these theories carry multiple U(1) gauge fields, the black hole is characterized by more than one charge and hence q stands for a set of charges {q 1 , q 2 , ...} -one for each U (1) gauge group present in the low energy theory. The ≃ symbol used in (1.3) reflects the fact that in [5] , as well as in many follow-up papers, the comparison between S BH (q) and ln d micro (q) is done in the limit of large charges q so that the horizon has low curvature, and the higher derivative terms in the action and quantum gravity corrections can be ignored. Also in this limit the computation of d micro (q) simplifies. [6, 7] represent some early papers which go beyond this approximation.
In the last paragraph we said that d micro is the number of quantum states, but this is not quite correct. In actual practice, what one computes in the weak coupling limit is an index, ı.e. d micro (q) is taken to be the difference between the number of bosonic states of charge q and number of fermionic states of charge q. In 3+1 dimensions this can be expressed as 4) where J is the third component of the angular momentum, and T r q [(−1) 2J ] denotes the sum of the expectation value of (−1)
2J over all BPS states carrying charge q. It is the index d micro , and not the degeneracy, that is independent of the coupling constant.
The questions that we shall try to answer in this talk are 1. Can we justify comparing exp[S BH ] , which measures degeneracy, with the index computed at weak coupling? 2. Can we find a prescription for computing the exact black hole entropy S macro , taking into account higher derivative and quantum corrections? 3. Assuming that we find affirmative answers to the previous two questions, does the result for S macro agree with ln d micro ? 4. Can macroscopic analysis tell us about other statistical properties of the microstates besides degeneracy?
Throughout this talk we shall refer to as microscopic an analysis where we study the spectrum of supersymmetric states by switching off gravitational interaction and directly analyzing the quantum states of a system of solitons of string theory carrying total charge q. On the other hand we refer to an analysis as macroscopic when we take into account the effect of gravity and consequently describe the system as a black hole. In the latter case we cannot directly identify the quantum states underlying the system, but nevertheless techniques of quantum gravity and string theory can be used to derive various statistical properties of these quantum states. Question 2 listed above has been partially answered by Wald, who wrote down a general formula for the black hole entropy taking into account higher derivative terms in the classical effective action [8] . The Wald entropy, which we shall denote by S wald , reduces to the Bekenstein-Hawking entropy S BH for Einstein's theory coupled to ordinary matter field via 2-derivative coupling. However quantum corrections to the entropy are not captured by Walds formula. One of our goals will be to give the quantum corrected formula for the entropy of an extremal black hole.
The plan for the rest of the talk is as follows. First we shall give a brief review of what is known about the index on the microscopic side. Then we shall describe the general formalism for computing extremal black hole entropy from macroscopic i.e. quantum gravity analysis, generalizing Bekenstein-Hawking-Wald formula. Finally, based on this general formula, we shall justify why it makes sense to compare the index computed on the microscopic side to the degeneracy computed on the macroscopic side, derive specific predictions from the macroscopic analysis and test these predictions against microscopic results. A more detailed review and more results can be found in [1] .
Microscopic results
Exact microscopic results for the index are known for a wide class of states in a wide class of string theories with 16 or 32 unbroken supersymmetries. These include type II string theories compactified on T 6 and T 5 , heterotic string theories on T 6 and T 5 and special class of orbifolds of these models preserving 16 supersymmetries [9] . In each case the result is given in terms of Fourier coefficients of some known functions with modular properties. For theories with 16 unbroken supersymmetries these functions are Siegel modular forms [10] [11] [12] [13] [14] while for theories with 32 unbroken supersymmetries these functions are given by appropriate weak Jacobi forms [15, 16] . This allows us to compute the index d micro as an exact integer for a given set of charges carried by the black hole.
In each of these examples we can also systematically calculate the behavior of d micro (q) for large charges. General strategy one follows is to compute the Fourier integrals using saddle point method. The leading term of ln d micro always agrees with the Bekenstein-Hawking entropy of an extremal black hole with the same charge. This is an old story by now [5] , and will not be discussed in detail. Our goal will be to understand to what extent macroscopic analysis can explain the subleading terms in ln d micro .
As an example we can consider type IIB string theory on T 6 . At a generic point in the moduli space this theory has several U (1) gauge fields. Let {Q i } and {P i } denote the electric and magnetic charges carried by a supersymmetric black hole under these U(1) gauge fields. One finds that for {Q i }, {P i } satisfying certain restrictions, including gcd(Q 2 /2, P 2 /2, Q · P ) = 1, the index is given by [16] 
where Q 2 , P 2 and Q · P are certain bilinear combinations of charges, and c(u) is defined through
Here ϑ 1 (z|τ ) is the odd Jacobi theta function and η(τ ) is the Dedekind eta function. Since ϑ 1 (z|τ ) and η(τ ) have known Fourier expansion coefficients, (2.5) gives a complete expression for the index as a function of the charges. One can compute the index for large charges by evaluating the Fourier integral using saddle point method. One finds the result [17] ln
On the other hand the Bekenstein-Hawking entropy of the same black hole, computed from (1.1), is given by
Thus we see that the microscopic result for ln d micro agrees with S BH for large ∆. Later we shall see the origin of the logarithmic term from the macroscopic side. The results for other theories are similar but the details are different.
In many of these theories we can also define twisted index. Suppose the theory has a discrete Z Z N symmetry generated by g which commutes with the unbroken supersymmetries of the state. Then we define
where T r q as usual denotes sum of the expectation value over BPS states of charge q. Thus d
micro contains information about the distribution of the eigenvalues of the Z Z N generator among the microstates. It can be argued that d
micro is independent of the coupling constant. Thus the microscopic and macroscopic results for these quantities can be compared. On the microscopic side, these quantities can be computed in this class of theories with 16 or 32 supercharges and the results are again given by Fourier coefficients of appropriate Siegel modular forms [18, 19] . Analysis of the large charge limit of these quantities shows that they grow as
where S BH is the Bekenstein-Hawking entropy of the corresponding black hole. The fact that d
micro is exponentially smaller that d micro indicates that there is a large degree of cancellation between the contribution to r = r 0 Fig. 1 Euclidean geometry described by the (r, θ) coordinates in (3.12) with an IR cut-off r ≤ r 0 .
micro from different microstates. This is somewhat surprising from the microscopic viewpoint, but we shall see that this has a simple explanation from the macroscopic side.
All these results (and some more to be discussed in §4) provide us with a wealth of 'experimental data' against which we can test the predictions of macroscopic analysis based on quantum gravity or string theory. In the rest of the talk we shall describe to what extent we have achieved this goal.
Macroscopic analysis
Our analysis on the macroscopic side begins with the observation that supersymmetric black holes in string theory are extremal. In the extremal limit a black hole acquires an infinite throat described by an AdS 2 factor, separating the horizon from the asymptotic space-time. 2 The full throat geometry takes the form AdS 2 × K where K includes the angular coordinates of space, e.g. polar and azimuthal angles in 3+1 dimensions, as well as the internal space on which we have compactified string theory. The metric on the throat is given by
where ds 2 K denotes the metric on K. In this coordinate system the original horizon is towards r → 0 whereas the original asymptotic space-time is towards r → ∞.
Our strategy will be to analyze euclidean path integral on this space-time. For this we take Euclidean continuation of the throat metric, ı.e. replace t by −iθ. This gives
Since we can change the period of θ by a rescaling r → λr, θ → θ/λ, we use this freedom to fix the period of θ to be 2π. The boundary of Euclidean AdS 2 is towards r → ∞. Following usual practice we regularize the infinite volume of AdS 2 by putting a cut-off r ≤ r 0 (see fig 1) . This makes the AdS 2 boundary have a finite length L = 2π a r 0 . (3.13)
Eventually we need to take the limit r 0 → ∞, which in turn corresponds to L → ∞. We now proceed as follows:
1. Define the partition function:
where ϕ stands for all fields in the string theory under consideration. We impose the boundary condition that for large r the field configuration should approach the throat geometry of the black hole. Subject to this boundary condition we integrate over all field configurations and topologies.
2. Now using the standard AdS/CFT dictionary, Z can be reinterpreted as the partition function of a dual quantum mechanical system sitting at the boundary r = r 0 on a Euclidean time circle of length L. It turns out that the due to peculiar boundary conditions forced on us by the geometry of AdS 2 , the Hilbert space of this dual quantum mechanics contains states carrying fixed charges and angular momenta [20] . If we denote by H the Hamiltonian of this system, by E 0 the ground state energy and by d 0 the ground state degeneracy, then we have
To arrive at the last expression we have assumed that the spectrum has a gap separating the ground state from the first excited state. Since by the rules of AdS/CFT correspondence the dual quantum mechanics should be identified with the one describing the low energy dynamics of the black hole and since the microscopic description of the corresponding black hole in string theory always has a discrete spectrum, this is a reasonable assumption. 3. We now identify the quantum corrected entropy as
where we have used (3.15) in the last step. This gives the quantum generalization of the BekensteinHawking -Wald formula.
For consistency check we need to verify that in the classical limit S macro defined above reduces to the Wald entropy S wald . For this we evaluate Z using saddle point approximation. It turns out that the dominant saddle point that contributes to Z is the euclidean black hole in AdS 2 described by the metric
This is an allowed saddle point since for large r this approaches the metric given in (3.12). The space spanned by (η, θ) clearly has the topology of a disk. The leading contribution to Z is given by exp[S cl ] where S cl denotes the classical action evaluated in this background. It can be shown that S macro computed from (3.16) using this classical value of Z is exactly equal to the Wald entropy irrespective of the form of the action, as long as the action is invariant under general coordinate transformation [20] .
Comparing macroscopic and microscopic entropy
So far we have discussed two independent computations -one from the microscopic side by counting of states and the other from the macroscopic side by performing path integral in the underlying quantum theory of gravity. We shall now compare the macroscopic and microscopic results.
Degeneracy vs. index
As already emphasized, in the microscopic theory we compute an index while the macroscopic computation is expected to yield degeneracy. We shall now discuss why it is sensible to compare the two. For simplicity we focus on four dimensional black holes, but the analysis can be generalized to five dimensional black holes as well.
We begin with the observation that AdS 2 space has SL(2,R) isometry. The supersymmetric black holes we consider are also invariant under 4 supersymmetries. It turms out that the closure of the symmetry algebra requires many more generators, and leads to what is known as su(1, 1|2) algebra. The corresponding symmetry group contains an SU (2) subgroup which can be identified as the spatial rotation group. Thus supersymmetric black holes must be spherically symmetric. This in turn implies that they must carry vanishing average angular momentum J.
We now combine this with another result that follows from the geometry of AdS 2 . As mentioned above (3.15), the allowed boundary conditions on the gauge fields in AdS 2 are such that Z defined in (3.14) is the partition function of an ensemble of fixed charges and angular momenta rather than fixed chemical potentials [20] , and hence an extremal black hole describes a microcanonical ensemble of states with all states carrying same J and other charges [21, 22] . Since the average angular momentum is zero, we see that all the states in the ensemble described by the black hole must carry zero angular momentum. Put another way, when the coupling is such that the black hole description is suitable, all BPS states carry zero angular momentum.
3 This gives, for extremal black holes
Thus the exponential of the macroscopic entropy of the supersymmetric black hole also computes the index. Since the index is protected from quantum corrections, it is sensible to compare this with the microscopic index computed in a different regime of the coupling constant space. Besides explaining why comparison of microscopic index with macroscopic degeneracy is sensible, this also has a non-trivial consequence. Since on the macroscopic side the index has been argued to be equal to degeneracy, the index must be positive. Thus the equality of microscopic and macroscopic index implies that the microscopic index must also be positive. Now on the microscopic side the spectrum contains both bosonic and fermionic states, and in general there is no independent reason as to why the index should be positive, ı.e. why the number of bosonic states should always be greater than the number of fermionic states. Thus testing the positivity of the microscopic index is a non-trivial test of the equality of the microscopic and the macroscopic calculations.
So far in all cases where the microscopic results are known, this has been verified [25] . We show in table 1 the microscopic index of a class of black holes in heterotic string theory compactified on a six dimensional torus T 6 . 4 We can see that all the entries are positive, in agreement with the macroscopic prediction. For arriving at this table we have to carefully remove the contribution to the index from multi-centered black holes since 
and J = 0 the latter do not enjoy positivity property. The positivity of the microscopic index in this theory has now been proved for all values of Q 2 and Q · P with P 2 = 2 and P 2 = 4 [27] but the full proof is still awaited. The zero entries in table 1 occur for Q 2 P 2 < (Q · P ) 2 where there are no single centered black hole solutions and hence exp[S macro ] vanishes [28, 29] . The vanishing of the microscopic result for Q 2 P 2 < (Q · P ) 2 has now been proved for all values of Q 2 , P 2 and Q · P [29, 30] , not only in heterotic string theory on T 6 but also in many other models with 16 supersymmetries. This provides another non-trivial test of the equality of macroscopic and microscopic results.
Logarithmic corrections to entropy
Typically the leading entropy S BH is a homogeneous function of the various charges q i . For example in 3 + 1 dimensions
for any Λ. Logarithmic corrections refer to subleading correction to the entropy ∝ ln Λ in the limit of large Λ. These arise from one loop correction to the leading saddle point result for Z from loops of massless fields [31, 32] . Consider a spherically symmetric extremal black hole in D = 4 with horizon size a. The leading contribution to Z defined in (3.14) comes from the saddle point associated with the euclidean black hole near horizon geometry 20) where ds 2 compact is the metric of the compact space. Note that unlike in (3.12) where ds 2 K also included the angular coordinates (ψ, φ), we have now separated the angular coordinates from ds 2 compact in order to display that the size of the angular directions is of the same order a as that of AdS 2 . When the charges scale uniformly by a large number Λ then a scales as Λ keeping other parameters, e.g. ds 2 compact and vacuum expectation values of various scalar fields, fixed. If ∆ denotes the kinetic operator of the four dimensional massless fields in the near horizon background then the one loop contribution to Z from the non-zero modes is given by (sdet
where sdet ′ denotes the super-determinant sans the contribution from the zero modes of ∆. We can use heat kernel expansion to determine the terms in ln sdet ′ ∆ proportional to ln a. These arise from modes with eigenvalues << m 2 pl and hence are insensitive to the ultraviolet cut-off. To compute the full logarithmic correction to S macro we must also compute the contribution from the zero modes of ∆. Since there is no damping factor from the exp[−Action] term in the integrand of (3.14) at the quadratic level, integration over the zero modes gives the volume of the space spanned by these modes rather than a determinant. By careful analysis we can determine the dependence of this volume on the size a of AdS 2 and S 2 . The final result is obtained by combining the zero mode and the non-zero mode contributions. Table 2 shows the final result for the logarithmic correction to the macroscopic entropy for a wide variety of theories [31] [32] [33] [34] . As can be seen from the explanation provided in the caption, in all cases where the microscopic results are known there is perfect agreement between microscopic and macroscopic results.
Twisted index
We can also compute the twisted index defined in (2.9) from the macroscopic side. By our earlier argument on the macroscopic side we have
since supersymmetric black holes carry zero angular momentum. We can compute this in the same way as the degeneracy by evaluating the partition function
where [Dϕ] g means that we perform path integral over all the fields ϕ by imposing a g-twisted boundary condition along the boundary circle of AdS 2 . In the dual quantum mechanics this corresponds to T r[exp(−L H)g]. In the L → ∞ limit only the contribution from the ground state remains, and the result is given by 
We can regard d
macro given above as the macroscopic result for the twisted index. For evaluating the leading contribution to Z g we note that the original Euclidean black hole solution given in (3.17) is no longer an allowed saddle point of the path integral (4.23), since the boundary circle at η = η 0 can be contracted by deforming it to η = 0 and hence a g-twisted boundary condition will lead to singular boundary condition at η = 0. However there is a different saddle point, related to the original saddle point by a Z Z N orbifolding, that gives the dominant contribution to the path integral [18] . The metric associated with this saddle point is given by
The corresponding classical action can be used to evaluate the saddle point contribution to (4.25) . The leading order result for d (g) macro computed from (4.18) is given by [18] 27) where S wald denotes the Wald entropy of the same black hole. The factor of 1/N multiplying S wald can be easily understood as the result of Z Z N orbifolding. Eq.(4.27) is in perfect agreement with (2.10) . This provides us with a non-trivial test of the equality between the microscopic and the macroscopic results for the twisted index. It should in principle be possible to compute the logarithmic correction to the twisted index and compare the microscopic and macroscopic results. Recently a close cousin of this computation has been performed [35] where the authors study logarithmic correction to the exponentially suppressed corrections to the untwisted index. On the macroscopic side these corrections come from subleading saddle points of the path integral given by the Z Z N orbifold of the euclidean black hole metric (3.12), but without any g-twist [36] .
Non-logarithmic one loop corrections
As can be seen from table 2, the N = 4 supersymmetric string theories in four space-time dimensions do not have any logarithmic corrections to their entropy. However these theories do have finite corrections of order unity to the entropy. On the microscopic side these take the form
where f is a known function involving modular forms. Of these the universal first term π Q 2 P 2 − (Q · P ) 2 represents the Bekenstein-Hawking entropy of the same black hole. Thus the question is: is it possible to reproduce the second term from the macroscopic side? Note that this term is non-universal since the function f differs from one theory to another. It turns out that on the macroscopic side, one loop correction produces a special class of terms in the effective action, given by
where (a, S) denote the axion-dilaton field, R µνρσ is the Riemann tensor and f is the same function that appeared in (4.28). One can compute the effect of this term on black hole entropy, and finds that it precisely reproduces the result given in (4.28). This was first checked in heterotic string theory on T 6 in [37] and later in various other N = 4 supersymmetric string theories in [11, 12] . These tests are quite non-trivial since on the macroscopic side computation of the effective action requires carefully evaluating the contribution from the massive string states propagating in the loop. Furthermore for different string compactifications we get different functions f , and in each case the function f appearing in the effective action coincides with the one that arises from counting of black hole microstates.
We should however add a word of caution here. Eq.(4.29) gives only one set of terms in the effective action which are generated to this order. There are also other terms which could contribute to the entropy and destroy the equality between the macroscopic and the microscopic results. It is generally expected that there are appropriate non-renormalization theorems which prevent these other terms from contributing to the entropy, but no such theorem has been proved to this date. The current status of this study as well as further references can be found in [38] .
Conclusion
In this talk we have described a systematic procedure for computing the macroscopic entropy of an extremal black hole taking into account both higher derivative and quantum corrections. We also reviewed the current status of the comparison between microscopic and macroscopic results for the extremal black hole entropy in string theory. This comparison includes -sign of the index, -logarithmic correction to the entropy, -asymptotic growth of the twisted index, and -finite corrections to the entropy.
We have seen that so far string theory has passed all tests. This gives us confidence in the internal consistency of string theory and shows that string theory is indeed a strong candidate for a quantum theory of gravity.
We have not been able to review all aspects of the subject. In particular there have been considerable amount of progress in recent years in evaluating the path integral (3.14) using localization techniques [39] [40] [41] [42] . So far the results are encouraging but more work needs to be done. If successful, this could lead us to an exact expression for the index from the macroscopic side which can then be compared with the corresponding exact results from the microscopic side.
Finally we must mention that the methods discussed here are also applicable for computing logarithmic corrections to the entropy of non-supersymmetric extremal black holes [43, 44] . (Ref. [45] represents early work on this subject). For example entropy of extremal Kerr black hole in pure gravity has a correction 16 45 ln A H , 30) where A H is the area of the event horizon. It is a challenge for any theory of quantum gravity (in particular Kerr/CFT correspondence [46] which attempts to give a CFT dual description of extremal Kerr black holes) to reproduce this result. A generalization of these techniques can also be used to compute logarithmic corrections to the macroscopic entropy of a Schwarzschild black hole. The result is [47] (see [48] [49] [50] Again it is a challenge for any theory of quantum gravity to reproduce this result. The complexity of the coefficients indicate that there may not be a simple microscopic derivation of these results.
